In this paper, we establish the global Poincaré-type inequalities for the composition of the sharp maximal operator and Green's operator with Orlicz norm.
Introduction
The 
-harmonic equation d A(x, du) = B(x, du).
Let us first introduce some necessary notation and terminology. will refer to a bounded, convex domain in R n unless otherwise stated and B is a ball in R n , n ≥ . We use σ B to denote the ball with the same center as B and with diam(σ B) = σ diam(B), σ > . We do not distinguish the balls from cubes in this paper. We use |E| to denote the ndimensional Lebesgue measure of the set E ⊆ R n . We say w is a weight if w ∈ L  loc (R n ) and w >  a.e. For a function u, we denote the average of u over B by
where |B| is the volume of B and the μ-average of u over B by |u I | p dx < ∞ for all ordered l-tuples I, l = , , . . . , n. We denote the exterior deriva-
. . , n -, and define the Hodge star opera-
. . , n} -I, and (I) =
where
for almost every x ∈ and all ξ ∈ ∧ l (R n ). Here, a, b >  are constants and  < p < ∞ 
The harmonic l-fields are defined by
Then Green's operator G is defined as
, where H is the harmonic projection operator that maps
for more properties of these operators.
In harmonic analysis, a fundamental operator is the Hardy-Littlewood maximal operator. The maximal function is a classical tool in harmonic analysis but recently it has been successfully used in studying Sobolev functions and partial differential equations. For any locally L s -integrable form u(y), we define the Hardy-Littlewood maximal operator M s by
where B(x, r) is the ball of radius r, centered at
Some interesting results about these operators have been established, see [, ] and [] for more details. The purpose of this paper is to estimate the global Poincaré-type inequalities for the composition of the sharp maximal operator and Green's operator with Orlicz norm.
Definitions and lemmas
We now introduce the following definition and lemmas that will be used in this paper.
Definition  We say the weight w(x) satisfies the A r ( ) condition, r > , write w ∈ A r ( ) if w(x) >  a.e., and
for any ball B ⊂ .
Definition  A proper subdomain ⊂ R n is called a δ-John domain, δ > , if there exists a point x  ∈ which can be joined with any other point x ∈ by a continuous curve γ ⊂ so that 
Poincaré inequalities
In this section, we prove the global Poincaré inequalities for the composition of the sharp maximal operator and Green's operator with L p norm.
To get our result, we rewrite our Theorem  in [] as follows.
Lemma  Let u be a smooth differential form satisfying A-harmonic equation () in a bounded domain , let G be Green's operator, and let M s be the sharp maximal operator defined in () with  < s ≤ p, q < ∞. Then there exists a constant C, independent of u, such that
for all balls B with σ B ⊂ , and a constant σ > , where the measure μ is defined by dμ = w(x)dx and w(x) ∈ A r ( ) with w ≥ δ >  for some r >  and a constant δ.
. , n, be a smooth differential form satisfying Aharmonic equation (), let G be Green's operator, and let M s be the sharp maximal operator defined in () with  < s < t < ∞. Then there exists a constant C(n, t, δ  , N, ), independent of u, such that
for any bounded and convex δ-John domain ⊂ R n , where the fixed cube Q  ⊂ , the constant N >  appeared in Lemma , and the measure μ is defined by dμ = w(x) dx and w(x) ∈ A r ( ) with w ≥ δ  >  for some r >  and a constant δ  .
Proof First, we use Lemma  for the bounded and convex δ-John domain . There is a modified Whitney cover of cubes V = {Q i } for such that = Q i , and
Nχ for some N > . Moreover, there is a distinguished cube Q  ∈ V which can be connected with every cube Q ∈ V by a chain of cubes Q  = Q j  , Q j  , . . . , Q j k = Q from V and http://www.journalofinequalitiesandapplications.com/content/2013/1/526
The first sum in () can be estimated by using Lemma .
where the measure μ is defined by dμ = w(x) dx and w(x) ∈ A r ( ) with w ≥ δ  >  for some r >  and a constant δ  .
To estimate the second sum in (), we need to use the property of δ-John domain. Fix a cube Q i ∈ V and let Q  = Q j  , Q j  , . . . , Q j k = Q i be the chain in Lemma . Then we have
The chain {Q j i } also has the property that for each
Note that
By (), () and Lemma , we have
Then, by (), () and the elementary inequality
Substituting () and () in (), we have completed the proof of Theorem . http://www.journalofinequalitiesandapplications.com/content/2013/1/526
Poincaré inequality with Orlicz norm
In this section, we give a global Poincaré inequality with Orlicz norm for the composition of the sharp maximal operator and Green's operator.
Definition  Let ϕ be a continuously increasing convex function on [, ∞) with ϕ() = , and let be a domain with μ( ) < ∞. If u is a measurable function in , then we define the Orlicz norm of u by 
Definition  We say a Young function ϕ lies in the class
increasing function and h is a concave increasing function on [, ∞).
From [] and []
, we know that the class G(p, q, C) contains some very interesting functions, such as ϕ(t) = t p and ϕ(t) = t p log α + (t), p ≥ , α ∈ R, and each of ϕ, g and h is doubling in the sense that its values at t and t are uniformly comparable for all t > , and the consequent fact that
where C  and C  are constants. Now, we are ready to give our another global Poincaré inequality with Orlicz norm.
Theorem  Let ϕ be a Young function in the class
G(p, q, C  ),  ≤ p < q < ∞, C  ≥ , let u ∈ L t loc ( , ∧ l ), l = , , . .
. , n, be a smooth differential form satisfying A-harmonic equation ()
in , let G be Green's operator, and let M s be the sharp maximal operator defined in () with  < s ≤ t < ∞. Then there exists a constant C, independent of u, such that
for any bounded and convex δ-John domain ⊂ R n with μ( ) < ∞, where the fixed cube Q  ⊂ appeared in Lemma , and the measure μ is defined by dμ = w(x) dx and w(x) ∈ A r ( ) with w ≥ δ  >  for some r >  and a constant δ  .
Proof Let g, h be the functions in the G(p, q, C  ) condition. Note that ϕ is an increasing function. Using Theorem , (i) in Definition , and Jensen's inequality, we obtain
/t http://www.journalofinequalitiesandapplications.com/content/2013/1/526
Substituting () into () and using the fact that ϕ is doubling, we get
Therefore, from Definition , we have
